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Abstract
We prove that the vertices of each n-vertex plane graph G with minimum face cycle length
g; g¿ 5, can be colored using at least⌈
g2 − g− 8
g2 + g− 6 n+
4g+ 4
g2 + g− 6
⌉
colors (for n¿ (g + 3)=2) in such a way that G does not contain a polychromatic face, i.e., a
face whose all the vertices have mutually di4erent colors. In particular, if the girth of an n-vertex
plane graph is at least 6ve, then there is a coloring using at least n=2+ 1 colors.
c© 2003 Elsevier B.V. All rights reserved.
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1. Introduction
Coloring vertices of plane graphs under restrictions given by faces has recently
received much attention. Two natural problems of this kind are coloring the vertices
with the smallest number of colors avoiding a monochromatic face and coloring the
vertices with the largest number of colors avoiding a polychromatic face. A face is
monochromatic if its vertices all receive the same color and it is polychromatic if its
vertices all receive mutually di4erent colors.
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Zykov introduced the notion of planar hypergraphs in [15]: A planar hypergraph is
a hypergraph for which there exists a plane graph G such that for each edge of the
hypergraph there is a face of G with the same vertex set (but not necessarily all the
faces of G correspond to the edges of the hypergraph). Equivalently, a hypergraph is
planar if the incidence graph between its vertices and edges is planar [2,11]. Coloring
the vertices of a plane graph to avoid monochromatic faces has been studied in [11];
this is equivalent to ordinary proper coloring of the corresponding planar hypergraph.
Coloring the vertices under the restriction that there is no polychromatic face has been
studied in [12]. Extremal problems on coloring graphs to avoid polychromatic patterns
have been studied, e.g., in [1,3,5–7,13]. Coloring vertices where some faces must not
be monochromatic and some must not be polychromatic (possibly some of them must
be neither monochromatic nor polychromatic) has been studied in [2,9,10]; this model
is called coloring planar mixed hypergraphs.
In this paper, we study colorings of the vertices of plane graphs under the restriction
that there is no polychromatic face. We call such a vertex coloring valid. The maximum
number of colors used in a valid coloring of a plane graph G is denoted by f(G).
The following inequality relating f(G) to the independence number (G) and the
chromatic number (G) was proved by Ramamurthi and West in [12]:
f(G)¿ (G) + 1¿
⌈
n
(G)
⌉
+ 1:
For an n-vertex plane graph G, the Four Color Theorem yields f(G)¿ n=4 + 1.
If G is triangle-free, then GrMotzsch’s theorem [4,12,14] gives f(G)¿ n=3 + 1. In
[12], Ramamurthi and West showed that the above lower bound is tight for a 6xed n
when (G) = 2; 3 and it is within one of being tight for (G) = 4. They conjectured
the following bound for triangle-free plane graphs:
Conjecture 1. If G is an n-vertex triangle-free plane graph, n¿ 4, then f(G)¿
n=2+ 1.
Ramamurthi and West proved their conjecture for plane graphs with girth at least six.
In this paper, we prove their conjecture for plane graphs with girth 6ve. We actually
prove the result under a weaker assumption that the lengths of all face cycles are at
least 6ve. In addition, we state a generalization for plane graphs with longer face cycles
(Theorem 8).
In a forthcoming paper [8], Conjecture 1 is answered in aOrmative. However, the
proof from [8] really uses the assumption on the girth of the plane graph. Hence,
the results presented in [8] are stronger but the assumptions on a plane graph are also
stronger. In addition, the proofs contained in the present paper seem to be less complex
compared to the proofs from [8].
In Section 2, we prove that graphs with minimum degree three can be covered
by stars of degree about half the degree of their central vertices. In Section 3, we
relate f(G) to the number of edges of special subgraphs of the dual graph of G.
This together with the results of Section 2 yields the proof of the conjecture for plane
graphs with minimum face cycle length at least 6ve (Theorem 6 and Corollary 7).
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Let us brieQy introduce the notation used in this paper. A graph which can be
embedded in the plane is called a planar graph; a planar graph with a 6xed embedding
is called a plane graph. If G is a plane graph, then V (G); E(G) and F(G) denote its
vertex set, its edge set and its face set, respectively. A face cycle is a cycle which is
contained in the boundary of a face. All graphs in this paper have no loops and unless
stated otherwise they are also simple. A multigraph is a graph which may contain
parallel edges. We write degG(v) for the degree of a vertex v in G. A bridge is an
edge whose removal increases the number of components. A graph which contains no
bridge is said to be bridgeless. Note that the dual (multi)graph of a loopless plane
graph is bridgeless.
We use the notion of graph covering. A covering of a graph G is a spanning subgraph
of G with minimum degree at least one. A partial covering is just a spanning subgraph
of G; it covers those vertices of G which are not isolated in it. A covering in which
each component is a star is called a star covering. The size of a star is the degree of
its central vertex.
2. Covering graphs with small stars
The following lemma is well known, but we include a short proof for the sake of
completeness:
Lemma 2. Every multigraph G has an orientation such that each vertex v has inde-
gree at most degG(v)=2.
Proof. Add a vertex adjacent to all vertices of odd degree of G. Orient the new graph
according to an Eulerian circuit in each of its component. Deleting the added edges
gives an orientation of the edges of G in which the indegree and the outdegree of each
vertex di4er by at most one; hence each of them is at most degG(v)=2.
Theorem 3. Let G be a multigraph with minimum degree at least three. Then G has
a star covering such that each star of the covering has size at most degG(v)=2
where v is the center of the star.
Proof. Fix an orientation of G such that the indegree of every vertex v in it is at
most degG(v)=2 as in Lemma 2. We construct a star covering of G starting from the
empty partial covering. In each step, the number of covered vertices is either increased
or preserved. Each vertex has outdegree at most one in all partial coverings throughout
the construction.
We proceed as follows: consider an uncovered vertex v. Let vw be an arc leaving v
(there is at least one such arc because degG(v)¿ 3). Add the edge vw to the partial
covering. If w is adjacent to a vertex x of degree at least two in the partial covering, we
remove the edge xw from the covering. If w now has degree more than degG(w)=2
in the partial covering, then exactly one of the edges of the partial covering is an arc
leaving w in the 6xed orientation; remove that edge from the partial covering.
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We prove that the above-described procedure always terminates and it yields a de-
sired star covering. A new vertex v is always added with degree one and we ensure
that its neighbor w is not adjacent to a non-leaf vertex. If the degree of w exceed
degG(w)=2, we remove an edge incident with w from the partial covering. Hence
after each step, the partial covering consists only of stars such that the size of a star
of it with the center at u is at most degG(u)=2.
Thus if the procedure terminates, we obtain a desired star covering. To show that
it terminates, we verify that the pair (c; d) lexicographically increases where c is the
number of covered vertices and d=
∑
u∈V (G) a
2
u where au is the number of arcs in the
partial covering that enter the vertex u. Consider a single step when covering a vertex
v. The number of covered vertices is increased unless the arc leaving the vertex w
is removed from the partial covering because the degree of w exceeds degG(w)=2.
In this case the number c of covered vertices remains unchanged. Let ww′ be the
removed arc. The only two elements changed in the sum are a2w and a
2
w′ : aw is in-
creased from degG(w)=2−1 to degG(w)=2 and aw′ is decreased from 1 to 0. Since
degG(w)=2¿ 2, d increases. The pair (c; d) cannot lexicographically increase forever,
so the procedure terminates.
Note that the condition on the minimum degree in Theorem 3 cannot be weakened
as witnessed by an odd cycle.
3. Main result
Theorem 4. Let G be an n-vertex plane graph. If the dual graph G? of G has a
covering with m edges, then f(G)¿ n− m.
Proof. Let S? be edges of a covering of G? with m edges and S be the edges of
G corresponding to the edges of S?. Since S? forms a covering of G?, each face
of G is incident with at least one edge of S. Let G′ be a spanning subgraph of G
with the edge set equal to S. Note that G′ has at least n − m components. Color the
vertices of each of the components with the same color and the vertices of di4erent
components by di4erent colors. This produces a valid coloring of G with at least n−m
colors.
Lemma 5. An n-vertex plane graph G with the smallest number n¿ 4 of vertices
such that f(G)6 n=2 and such that all face cycles of it have lengths at least :ve
is connected and bridgeless.
Proof. Suppose 6rst that G contains a bridge. If we delete a bridge, the vertex sets
of the faces remain unchanged. Hence we can delete all the bridges without changing
the coloring problem.
Assume further that G is disconnected and it consists of disjoint subgraphs G1 and
G2 with no edges joining V (G1) and V (G2). Let n1 and n2 be the numbers of vertices
of G1 and G2, respectively. If n1¿ 4 and n2¿ 4, then we can form a valid coloring
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of G by combining valid colorings of G1 and G2. Due to the minimality of G, this
yields a valid coloring using n1=2+ n2=2+ 2¿ n=2+ 1 colors.
If G1 or G2 has at most four vertices, then it has no cycle, by the hypothesis on its
girth. Assume n1¿ n2 by symmetry. If n1¿ 4, we can combine a valid coloring of
G1 with at least n1=2+1 and a coloring of G2 with n2 colors to a valid coloring of
G with at least n1=2 + 1 + n2¿ n=2 + 1 colors. If n1¡ 4, then G is acyclic and
it has a valid coloring using n − 1¿ n=2 + 1 colors. Hence there is no such plane
graph G.
We now prove the main theorem.
Theorem 6. Let G be an n-vertex plane graph whose all face cycles have lengths at
least :ve, n¿ 4. Then, f(G)¿ n=2+ 1.
Proof. By Lemma 5, we may assume that G is connected and bridgeless. Hence the
dual multigraph G? is loopless. The minimum degree of G? is at least three, otherwise
G contains a digon face. Theorem 3 provides a star covering of G? such that the
size of a star with a central vertex v is at most degG?(v)=2. We prove that this
covering has at most n=2 − 1 edges. This together with Theorem 4 completes the
proof.
We use a charge-counting argument to prove the bound on the number of edges of
the covering. Let l(f) be the number of edges incident with a face f of G. Assign
charge (l(f)− 2)=4 to each face f. Note that due to the assumption on the lengths of
face cycles, each face receives at least 34 . Since the sum of the face lengths is twice the
number of edges, the total charge is 12 (|E(G)| − |F(G)|) which is by Euler’s formula
equal to n=2− 1.
Each vertex of G? corresponds to a face of G and it is covered by exactly
one star. Assign to each star of the covering the charge form all the faces of G
corresponding to its vertices. It suOces to show that the charge received by each
star is at least its size: then the number of edges in the star covering is at most
n=2 − 1.
Consider a star of size k. Note that it has k +1 vertices and recall that each face of
G has received charge at least 34 . If k6 3, then
3
4 (k+1)¿ k and the star has suOcient
charge. For k¿ 4, let f be the face of G corresponding to the central vertex of the
star. By Theorem 3, k6 l(f)=2 and thus l(f)¿ 2k − 1. Counting the charge from
the leaves, we compute the desired lower bound:
3
4
k +
l(f)− 2
4
¿
3k
4
+
2k − 3
4
= k +
k
4
− 3
4
¿ k:
Theorem 6 immediately yields the following corollary:
Corollary 7. Each n-vertex plane graph G with girth at least :ve can be colored by
at least n=2+ 1 colors such that no face of G is polychromatic.
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As suggested by one of the referees, a more general form of Theorem 6 can be
considered:
Theorem 8. Let G be an n-vertex plane graph whose all face cycles have lengths at
least g; g¿ 5 and n¿ (g+ 3)=2. Then,
f(G)¿
⌈
g2 − g− 8
g2 + g− 6 n+
4g+ 4
g2 + g− 6
⌉
:
Proof. We outline only the di4erences from the proof of Theorem 6. It is again enough
to prove the theorem only for bridgeless connected graphs. Let us set =(g+1)=(g2 +
g − 6) (if g = 5, then  = 14). The charge assigned to a face f is (l(f) − 2). By
Euler’s formula, the total charge is equal to 2(n − 2). Consider a star covering of
the dual graph from Theorem 3 and regroup the charge as in the proof of Theorem
6. We again prove that each star receives charge which is at least its size and hence
f(G)¿ (1− 2)n+ 4 by Theorem 4.
Consider a single star of the covering. Note that each face has charge at least
(g− 2). If the size of the star is at most (g+1)=2, then (g− 2)(k +1)¿ k and the
charge received by the star is at least its size. Otherwise, the size of the star is at least
(g+ 1)=2 and l(f)¿ 2k − 1 for the face f corresponding to its central vertex. Then,
(l(f)− 2) + (g− 2)k¿ (2k − 3) + (g− 2)k¿ k:
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